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Abstract 
The paper presents a computational model used for the analysis of complex heat flow in the area of steel rectangular sections. 
The model is based on the analysis of heat resistance. A section is considered in the study as a two-phase system of steel and air. 
Calculation of total section resistance Rst takes into consideration heat conduction in individual phases, thermal radiation between 
internal section surfaces and free convection of the gaseous phase. Calculations are performed within the temperature range from 
20 to 700qC. The results obtained in the study were presented using the replacement thermal conductivity of the section krp. 
Calculations were performed for three types of sections: 20u40, 40u40 and 60u60 mm with different wall thickness. The values 
obtained for kef ranged from 3y13 W/(mK). The model also allows for the qualitative analysis of heat flow. This analysis is 
connected with determination of the quantitative fraction of specific heat transfer mechanisms which occur in global heat flow. 
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1. Introduction 
Rectangular sections belong to basic steel long products. They have been widely used in various sectors of the 
economy. In many cases, heat treatment is one of the stages in manufacturing of these materials. Steel rectangular 
sections are most commonly treated in the form of packed bundles, as illustrated in the Fig. 1a. Such a form of the 
charge stems from the need for the most efficient use of furnace workspace. Due to presence of free spaces, the 
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charge represents a two-phase (solid-gas) porous medium. The porosity of such bundles may even reach a value of 
0.9. Operations of heat treatment of steel products have significant bearing on all key performance metrics of the 
plant, i.e.: productivity, energy consumption, product quality and emission of pollutants. This causes that heat 
treatment parameters should be selected very carefully. Nowadays, special numerical models are used for the design 
of heat treatment parameters. Such models, which can predict spatial and temporal changes in the temperature of the 
charge have been successfully used in the metallurgical industry for over last three decades [1-3]. 
 
 
Fig. 1. (a) example of a steel rectangular section bundle; (b) flat packed bed of rectangular section with one-dimensional heat flow. 
One of the parameters of such models are thermal properties of the heated charge. Due to porous structure, 
effective thermal conductivity kef [W/(mK)] is the main thermal property of a section bundle. This parameter is 
commonly used in the theory of porous media [4,5]. Value of the coefficient kef for a specific section bundle depends 
on many factors, which include: thermal conductivity of steel ks, thermal conductivity of gas kg, dimensions of 
section, packing of the bundle, pressing force and state of section surface and temperature. The most reliable 
information on this parameter can be derived from experimental measurements using the steady-state method in the 
guarded hot plate apparatus [6]. However, such measurements are expensive, time-consuming and require 
specialized equipment. 
Analytical calculations offer an alternative to this type of measurements. Several various theoretical models have 
been used in order to calculate effective thermal conductivity of porous materials. However, analyses performed by 
the author have shown that current models are not suitable for determination of effective thermal conductivity of 
section bundles [7]. Therefore, it is necessary to develop a new model of effective thermal conductivity. The model 
proposed in the study is based on the analysis of thermal resistance for the case of one-dimensional heat flow in the 
flat bed of sections as shown in Fig. 1b. The total thermal resistance of this system should be regarded as a serial 
connection of section thermal resistance Rst and thermal resistance of the gap Rgp between adjacent section layers: 
gpstto RRR     (1) 
The resistances in the equation (1) are unit resistances (calculated per surface area unit). Therefore their unit is 
[(m2K)/W]. This unit expresses all the resistances included in the mathematical model discussed in this study. 
Using the definition of thermal conduction resistance for the flat layer with dimension l [m], effective thermal 
conductivity of the charge is expressed by the equation [8]: 
gpstto
ef RR
l
R
l
k      (2) 
where l represents the sum of section heights ly and the gap between individual section layers lgp. 
The computational model described in this article is used for determination of the section thermal resistance Rst 
and the replacement thermal conductivity krp [W/(mK)]. This parameter is calculated as the quotient of the section 
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dimension in the direction of heat flow and resistance Rst. The method adopted in the study assumes that one-
dimensional and steady heat flow occurs within the section. 
2. Description of the model 
The resistance of the steel section Rst is calculated as a combination of series and parallel connections of 
resistances for all heat transfer mechanisms that are present in this element. The calculations take into account the 
following modes of heat transfer: conduction in the steel skeleton, conduction in gas, thermal radiation between the 
inner surfaces of the section and free convection of gas. The respective thermal resistances are assigned for each of 
these heat transfer mechanisms. The model takes into account the changes in the intensity of those mechanisms 
caused by the increase in temperature. The following parameters are used as input data: average temperature of the 
section tst, section dimensions, thermal conductivity of steel ks, emissivity of the section surface H, thermal 
conductivity of gas kg and the Rayleigh number Ra. The geometrical system used in the study is based on a 
combined series-parallel arrangement shown in Fig. 2. The following dimensions of the section were adopted: width 
lx, height ly, wall thickness s. 
 
 
Fig. 2. Division of section according to the direction of heat flow q: (a) vertical zones I-III; (b) horizontal layers 1-3. 
The solution can be obtained by assuming one-dimensional heat transfer represented by heat flux q [W/m2]. 
When solving complex multidimensional heat transfer problems by regarding them as one-dimensional, two 
assumptions are commonly used: (1) any plane wall normal to the direction of heat flow (in the case of x-axis) is 
isothermal while (2) any plane parallel to the direction of heat flow is adiabatic [8]. These assumptions lead to two 
different resistance networks, thus different values for the total thermal resistance. The actual result can be found 
between these two values. 
With the first solution, the section is divided into three vertical zones I-III parallel to the direction of heat flow q 
(Fig. 2a). Total unit resistance (per unit of surface area of the section perpendicular to the direction of heat flow) for 
this system can be written as a parallel connection of resistances of individual zones: 
       1111   IIIIIIast RRRR    (3) 
The zones I and III are homogeneous and the heat in these zones is transferred through conduction in steel. 
Therefore, resistances for these zones are: 
sI
y
IIII kf
l
RR     where  xI lsf /                                                               (4) 
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The zone II is composed of three layers: two layers of steel (1 and 3) with the height s and a layer of gas with the 
height ly  2s. Therefore, heat resistance of this zone is a series connection of resistances in individual layers: 
321   IIIIIIII RRRR    (5) 
Resistances of layers 1 and 3 in the zone II are equal and result from heat conduction in individual section walls 
with the height s [m]: 
sII
IIII kf
s
RR    31   where    xxII lslf /2                                                 (6) 
In the layer 2 of the zone II, heat is transferred in three modes, through conduction in gas, thermal radiation and 
gas free convection. Each mechanism is correlated with the respective thermal resistances. Thus: 
       11112   cvrdgcII RRRR    (7) 
Gas conduction resistance Rgc is: 
gII
y
gc kf
sl
R
2    (8) 
 
 
Fig. 3. System for determination of the resistance Rrd: (a) real system of four flat surfaces; (b) replacement system of two concave surfaces. 
Radiation resistance Rrd can be solved through analysis of thermal radiation exchange in the system of four flat 
surfaces A1A4 that are the boundaries of the space, with absolute temperatures of T1T4 (Fig. 3a). Radiosity balance 
methodology can be used to determine radiation heat flux qrd for the heat transferred in this system. Resistance Rrd 
can be calculated as a quotient of temperature difference in the system 'T and heat flux qrd. However, the 
methodology requires detailed knowledge about temperature distribution in the system analysed, which is very 
inconvenient. Therefore, it is proposed in our study that the real system of four surfaces is replaced with a system 
composed of two concave surfaces A1r and A2r, where mean temperatures are T1r and T2r (Fig. 3b). This is obtained 
through theoretical cutting the steel section in half of the height with the horizontal plane. The methodology for 
determination of resistance for this system of radiation heat transfer was described in the paper [9]. When the 
temperature drop 'T in the system is much smaller than its average temperature Ta [K], radiation resistance can be 
described by the equation: 
acII
rd
rd Tf
X
R V4    (9) 
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where Vc is the Stefan-Boltzman constant and Xrd is a dimensionless coefficient with the value depending on the 
emissivity and the shape, as well as the relative position of the surfaces that represent the boundaries for the space. 
The resistance Rcv can be determined using the relationships that result from the theory of similarity. The gas 
convection that occurs inside the steel section is free convection in an enclosed space. The intensity of this 
phenomenon is expressed by the Rayleigh number (Ra). Analysis of the number Ra for steel rectangular sections of 
60 mm and 80 mm heated in the electrical furnace in the temperature range of 20y700qC was performed in studies 
[10-12]. It was found that the highest values of number Ra occurs for the temperature of about 100qC. Maximal 
value of Ra parameter for the sections 60 mm was 15.3 u 104, and for section 80 mm it was 126.8 u 104. For the 
above range of Ra numbers, heat flow in confined spaces caused by the natural convection can be expressed as the 
enlargement of conduction in a gas [8]. For this purpose, the equivalent thermal conductivity of gas keq is used: 
g
n
geqeq kRaCkek      (10) 
The following correlations are recommended for horizontal enclosures that contain air [8]: 
ggeqeq kRakek
25.0195.0                          for 104 < Ra < 4 u 105  (11) 
ggeqeq kRakek
33.0068.0                           for 4 u 105 < Ra < 107  (12) 
Values of the coefficient eeq obtained from the equations (11) and (12) for 60 mm and 80 mm sections based on 
the Rayleigh numbers from the study [12] are presented in Fig. 4. 
 
 
Fig. 4. Values of the coefficient eeq for the 60 and 80 mm sections heated in the electrical furnace. 
Using the above approach, resistances Rgc and Rcv that occur in the equation (7) are replaced with one resistance 
Req-g, which concerns heat transfer in the gaseous phase through free convection and conduction. This resistance can 
be described by the relationship: 
geqII
y
eqII
y
geq kef
sl
kf
sl
R
22       (13) 
Thus the equation (7) should be reduced to: 
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 1112   rdgeqII RRR    (14) 
With the second approach, where the section is divided into horizontal layers 13, total resistance is calculated as 
a series connection of resistances of individual layers: 
321 RRRR
b
st     (15) 
The resistances of the layers 1 and 3 are the same: 
sksRR /31      (16) 
The resistance of the layer 2 is a parallel connection for three thermal resistances, two connected with thermal 
conduction in steel walls and a resistance for the complex heat flow that occurs in the area of gas: 
       11212122   IIIIII RRRR    (17) 
where 
s
y
IIII kf
sl
RR
1
22
2      (18) 
     1112   rdgeqII RRR    (19) 
Total resistance of the section Rst is calculated as a mean of resistances determined for the two types of division: 
 bstastst RRR  5.0    (20) 
The replacement thermal conductivity of the steel section krp is calculated from the relationship: 
styrp Rlk /    (21) 
3. Results and discussion 
It was adopted during calculation of krp coefficient that thermal conductivity of steel ks and gas phase kg with 
respect to temperature t (expressed in qC) change according to the following equations: 
3.51102.1102.3102.1 22538   tttks   (22) 
024.01005.81088.2 528   ttkg    (23) 
These equations were determined through approximation of the tabular data available in the literature [13,14]. 
The equation (22) describes changes in thermal conductivity of low-alloy steel with carbon content of 0.2%, while 
equation (23) describes changes in thermal conductivity of air. 
The calculations presented below were performed for three types of sections: 20u40 mm (20), 40u40 mm (40) 
and 60u60 mm (60). Five different wall thickness values were analysed for each section. For the sections 20 and 40, 
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values of thickness were 1.0, 1.5, 2.0, 2.5 and 3.0 mm. For the section 60, the thickness values were: 2.0, 2.5, 3.0, 
3.5 and 4.0 mm. The emissivity of sections adopted for calculation of radiation resistance was equal to 0.8, which 
corresponds to slightly oxidized steel surface. For this value of H, the values of the coefficient Xrd from the equation 
(9) were 1.33 for the section 20 and 1.25 for the sections 40 and 60. 
Results of calculations of the coefficient krp for the sections analysed were presented in Fig. 5. The values of 
replacement thermal conductivity for the cases analysed in the study show a relatively broad range, from 3 to  
13 W/(mK). It is noticeable that the replacement thermal conductivity increases with the increase in wall thickness. 
This stimulates heat conduction, which is a dominant mechanism of heat transfer in the area of steel section at lower 
temperatures. Apart from two cases, i.e. the section 20 with wall thickness of 2.5 mm and 3.0 mm, the coefficient krp 
increases with temperature. The dynamics of this phenomenon is higher for greater dimensions of the section in the 
direction of heat flow. This effect is caused by the phenomenon of thermal radiation. 
 
 
Fig. 5. Results of calculations for replacement conductivity krp: (a) section 20; (b) section 40; (c) section 60. 
 
 
Fig. 6. Results of calculation for replacement conductivity for pure conduction krp-cd: (a) section 20; (b) section 40; (c) section 60. 
Additional calculations that took into account only heat conduction in the steel structure and in air were made in 
order to demonstrate the effect of radiation and convection on heat transfer in the section. The results of these 
calculations are presented in Fig. 6. Since the coefficient calculated using this method concerns only conduction, it 
was denoted with the symbol krp-cd. It is noticeable that with no radiation and convection, coefficient krp-cd decreases 
with temperature. This is caused by the fact that thermal conduction of steel, which in this case determines intensity 
of heat transfer, decreases with temperature. 
Calculations for the quotient krp-cd/krp allow for evaluation of the quantitative contribution of conduction to total 
heat flow that occurs in the area of the steel section. Results of calculations for the quotient krp-cd/krp for the cases 
analysed were presented in Fig. 7. Contribution of conduction for lower values to temperature is over 0.9. However, 
the increase in the temperature causes a decline in this parameter, which is higher for smaller wall thickness values. 
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Depending on the case, contribution of conduction at the temperature of 700qC ranges from 0.2 to 0.7. These 
findings also demonstrate that analysis of heating the sections during heat treatment should include the phenomena 
of thermal radiation and convection. The first type of heat transfer is particularly important. 
 
 
Fig. 7. Results of calculations for the quotient krp-cd/krp: (a) section 20; (b) section 40; (c) section 60. 
4. Conclusions 
The mathematical model presented in the paper allows for both qualitative and quantitative analysis of the 
complex heat flow that occurs in the area of steel sections. In quantitative terms, this process is expressed by the 
replacement thermal conductivity of the section krp. The values obtained for this coefficient range from 3 to  
13 W/(mK). These values account from 0.05 to 0.4 of thermal conductivity of steel alone ks. Therefore, heat transfer 
in the section occurs with over twice lower intensity compared to heat conduction in the solid equivalent. It was also 
demonstrated that at higher temperatures (above 300qC), thermal radiation seems to be essential for the whole 
process. Therefore, calculations of the effective thermal conductivity of section bundles kef cannot use computational 
models which do not take into consideration heat transfer through radiation.  
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